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Erratum: Integral cohomology of the Generalized
Kummer fourfold
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July 17, 2019
It was pointed out by B. Totaro that the reference used for [7, Theorem 5.2] is inappropriate.
The latter concern the torsion of the integral cohomology of the generalized Kummer. Here we
show that [7, Theorem 5.2] holds at least in dimension 4. All the other results of [7] remain
unaffected. It would also be interesting to find out whether the generalized Kummer varieties of
higher dimension have torsion-free cohomology or not.
The integral cohomology of the generalized Kummer fourfold is torsion
free
Let A be a 2-dimensional complex torus. Let A[3] be the Hilbert scheme of 3 points on A and
s : A[3] → A the summation morphism. The generalized Kummer fourfold is defined by K2(A) :=
s−1(0). We can also consider the following embedding: j : A × A →֒ A × A × A : (x, y) →
(x, y,−x− y). The action of the symmetric group S3 on A×A×A provides an action on A×A
via the embedding j. Then K2(A) can also be seen as a resolution of (A×A) /S3.
Theorem 1. The cohomology H∗(K2(A),Z) is torsion free.
Remark 1. We denote by tors the torsion of groups. Because of the Poincaré duality and the
universal coefficient theorem, we have:
torsH4 = torsH4 = torsH
5, torsH6 = torsH2 = torsH
3, torsH7 = torsH1 = torsH
2 = 0.
Thus, it suffices to prove that H3(K2(A),Z) and H
5(K2(A),Z) are torsion free. Moreover, since
Theorem 1 is only a topological result, without loss of generality, we can assume that A is an
abelian surface.
Let Wτ ⊂ K2(A) be the locus of subschemes supported at τ ∈ A[3]. As it is explained in [6,
Section 4], we have:
Wτ ≃ P(1, 1, 3). (1)
Let ptτ ∈Wτ be the singular point and W
∗
τ := Wτ r ptτ . Put
U := K2(A) \
⋃
τ∈A[3]
Wτ , U
′ := K2(A) \
⋃
τ∈A[3]
ptτ .
Lemma 1. We have torsH3(U,Z) = torsH3(K2(A),Z) and an injection torsH
5(K2(A),Z) →֒
torsH5(U,Z).
Proof. The generalized Kummer K2(A) is smooth in ptτ . Hence, applying Thom’s isomorphism
to the long exact sequence of the relative cohomology of the pair (K2(A), U
′), we obtain:
H3(K2(A),Z) = H
3(U ′,Z) and H5(K2(A),Z) = H
5(U ′,Z). (2)
Moreover:
H3(U ′, U,Z) // H3(U ′,Z) // H3(U,Z) // H4(U ′, U,Z) // H4(U ′,Z) //
// H4(U,Z) // H5(U ′, U,Z) // H5(U ′,Z) // H5(U,Z) // H6(U ′, U,Z).
(3)
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By Thom’s isomorphism, H3(U ′, U,Z) = 0 and H4(U ′, U,Z) =
⊕
τ∈A[3]H
0(W ∗τ ,Z) is torsion free.
Furthermore, H5(U ′, U,Z) =
⊕
τ∈A[3]H
1(W ∗τ ,Z) = 0 since, by (1), W
∗
τ is the quotient of P
2r{pt}
by an automorphism of order 3. It follows from (3):
torsH3(U ′,Z) = torsH3(U,Z) and torsH5(U ′,Z) →֒ torsH5(U,Z).
Then (2) concludes the proof.
Hence, it remains to prove that H3(U,Z) and H5(U,Z) are torsion free. To do so, we consider
V := (A×A) r A[3],
where A[3] is embedded in A×A diagonally: A[3] →֒ A×A : x→ (x, x).
Let r : V˜ → V be the blow-up of V in
∆ := {(x, x) ∈ V | x ∈ A} , S1 := {(x,−2x) ∈ V | x ∈ A} , S2 := { (−2x, x) ∈ V | x ∈ A} .
As explained in [2, Section 7], we have:
U ≃ V˜ /S3. (4)
Lemma 2. The groups H3(U,Z) and H5(U,Z) can only have 3-torsion.
Proof. Let
S′ :=
{
ξ ∈ A[2]
∣∣∣ Supp ξ = {x,−2x} , x ∈ A} .
The surface S′ is isomorphic to the blow-up of A in A[3]. We consider r : A˜[2] → A[2] the blow-up
of A[2] in S′. For τ ∈ A[3], we denote
Στ := r
−1
({
ξ ∈ A[2]
∣∣∣ Supp ξ = {τ}}) .
The surfaces Στ are Hirzebruch surfaces. We also consider
W˜ := A˜[2] r
⋃
τ∈A[3]
Στ .
We have:
W˜ ≃ V˜ /S2. (5)
Indeed, if we denote by A˜×A the blow-up of A × A in the diagonal, it is well known that
A˜×A/S2 ≃ A
[2]. For τ ∈ A[3], we denote ℓτ :=
{
ξ ∈ A[2]
∣∣ Supp ξ = {τ}}. Then, if we con-
sider V1 the blow-up of V in ∆, we have V1/S2 ≃ A
[2] r
⋃
τ∈A[3] ℓτ . Therefore by [5, Corollary II
7.15], we obtain a commutative diagram:
V˜ //

V1

W˜ // V1/S2.
This provides (5). Then, it follows from (4) a triple cover:
π : W˜ → U.
Hence, if we prove that H3(W˜ ,Z) and H5(W˜ ,Z) are torsion free, Lemma 2 will be proven by [1,
Theorem 5.4 ].
We know that H∗(A[2],Z) is torsion free from [9, Theorem 2.2]. Then, we deduce from [10,
Theorem 7.31] (or from [4, Theorem 4.1] which is more general) that:
torsH∗
(
A˜[2],Z
)
= 0. (6)
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Consider the exact sequence:
H3(A˜[2], W˜ ,Z) // H3(A˜[2],Z) // H3(W˜ ,Z) // H4(A˜[2], W˜ ,Z) // H4(A˜[2],Z) //
// H4(W˜ ,Z) // H5(A˜[2], W˜ ,Z) // H5(A˜[2],Z) // H5(W˜ ,Z) // H6(A˜[2], W˜ ,Z).
(7)
By Thom’s isomorphism:
Hk(A˜[2], W˜ ,Z) ≃
⊕
τ∈A[3]
Hk−4(Στ ,Z).
Since Στ is an Hirzebruch surface, H
3(A˜[2], W˜ ,Z) = H5(A˜[2], W˜ ,Z) = 0 and H4(A˜[2], W˜,Z),
H6(A˜[2], W˜ ,Z) are torsion free. It follows from (6) and (7) that H3(W˜ ,Z) and H5(W˜ ,Z) are
torsion free.
We can also consider the double cover:
V˜ /A3 → U.
Applying [1, Theorem 5.4 ] and Lemma 2, it is suffices to prove thatH3(V˜ /A3,Z) andH
5(V˜ /A3,Z)
are torsion free to conclude the proof of Theorem 1.
Lemma 3. The groups H3(V˜ /A3,Z) and H
5(V˜ /A3,Z) are torsion free.
First, we show that torsH3(V/A3,Z) = torsH
5(V/A3,Z) = 0. Since the action of A3 on
V is free, it can be realized using the equivariant cohomology as explained in [8, Section 4].
The computation of the equivariant cohomology can be done using the Boissière–Sarti–Nieper-
Wisskirchen invariants defined in [3, Section 2]. We recall their definition in our specific case. Let
T be a 3-torsion-free Z-module of finite rank equipped with a linear action of A3 = 〈σ1,2,3〉. We
consider the action of A3 on T ⊗F3. Then the matrix of the endomorphism σ1,2,3 on T ⊗F3 admits
a Jordan normal form. We can decompose T ⊗ F3 as a direct sum of some F3[A3]-modules Nq
of dimension q with 1 ≤ q ≤ 3, where σ1,2,3 acts on the Nq in a suitable basis, respectively by
matrices of the following form:
(
1
)
,
(
1 1
0 1
)
and
1 1 00 1 1
0 0 1
 .
Definition 1. We define the integer ℓq(T ) as the number of blocks of size q in the Jordan decom-
position of the F3[A3]-module T ⊗ F3, so that T ⊗ F3 ≃
⊕3
q=1 N
⊕ℓq(T )
q .
Notation 1. Let X being V or A×A. For all 0 ≤ k ≤ dimX and all q ∈ {1, ..., 3}, we denote:
ℓkq(X) = ℓq(H
k(X,Z)).
Proposition 1. The Boissière–Sarti–Nieper-Wisskirchen invariants for the A3-action on A × A
are:
(i) ℓ11(A×A) = ℓ
1
3(A×A) = 0 and ℓ
1
2(A×A) = 4;
(ii) ℓ21(A×A) = 10, ℓ
2
2(A×A) = 0 and ℓ
2
3(A×A) = 6;
(iii) ℓ31(A×A) = 0, ℓ
3
2(A×A) = 16 and ℓ
3
3(A×A) = 8;
(iv) ℓ41(A×A) = 19, ℓ
4
2(A×A) = 0 and ℓ
4
3(A×A) = 17.
Proof. We can start by calculating the ℓ1q(A × A), q ∈ {1, 2, 3}. Applying the same idea as [3,
Lemma 6.14], we deduce the other invariants ℓkq (A×A) using the fact that:
Hk(A×A,Z) ≃ ∧kH1(A×A,Z),
for all k.
3
(i) For a ∈ H1(A,Z) and a generator A of H0(A,Z), σ∗1,2,3(A⊗a) = −a⊗A, and σ
∗
1,2,3(a⊗A) =
−A⊗ a+ a⊗A. It follows (i).
(ii) We have ∧2(N42 ) = (∧
2N2)
4 ⊕ (N2 ⊗N2)
6 = N41 ⊕ (N3 ⊕N1)
6.
(iii) We have ∧3(N42 ) = (N2 ⊗N2 ⊗N2︸ ︷︷ ︸
(1)
)4 ⊕ (∧2N2 ⊗N2︸ ︷︷ ︸
(2)
)12.
Moreover,
{
(1) = (N3 ⊕N1)⊗N2 = N
2
3 ⊕N2,
(2) = N1 ⊗N2 = N2.
(iv) We have ∧4(N42 ) = N2 ⊗N2 ⊗N2 ⊗N2︸ ︷︷ ︸
(1)
⊕(∧2N2 ⊗ ∧
2N2︸ ︷︷ ︸
(2)
)6 ⊕ (∧2N2 ⊗N2 ⊗N2︸ ︷︷ ︸
(3)
)12.
Moreover: 
(1) = (N3 ⊕N1)⊗ (N3 ⊕N1) =
N3
3︷ ︸︸ ︷
N3 ⊗N3⊕N
2
3 ⊕N1 = N
5
3 ⊕N1,
(2) = N1,
(3) = N1 ⊗ (N1 ⊕N3) = N1 ⊕N3.
(8)
Proof of Lemma 3. Since Hk(A × A,Z) ≃ Hk(V,Z) for all k ≤ 6, ℓkq(V ) = ℓ
k
q (A × A) for all q ∈
{1, 2, 3} and k ≤ 6. Hence by [8, Corollary 4.2] and Proposition 1, we have Hp(A3, H
q(V,Z)) = 0
for all p+ q = 3, p 6= 0, and p+ q = 5, p 6= 0.
Since A3 acts freely on V , the spectral sequence of equivariant cohomology provides that
H3(V/A3,Z) and H
5(V/A3,Z) are torsion free (see [8, Section 4] for a reminder about this spectral
sequence). Moreover, V˜ /A3 is the blow-up of V/A3 in the image ∆ of ∆ in V/A3. Since V/A3 and
∆ are smooth, by [4, Theorem 4.1] we have an isomorphism of graded Z-modules:
H∗(V˜ ,Z) ≃ H∗(V,Z)⊕ t ·H∗(∆,Z),
where t is a class of degree 2. Hence, in degree 3 and 5, we obtain:
torsH3(V˜ /A3,Z) = torsH
3(V/A3,Z)⊕ torsH
1(∆,Z) = 0,
and
torsH5(V˜ /A3,Z) = torsH
5(V/A3,Z)⊕ torsH
3(∆,Z) = torsH3(∆,Z).
It remains to show that H3(∆,Z) is torsion free. Since ∆ ≃ Ar A[3], it can be done considering
the following exact sequence:
0 // H3(A,Z) // H3(ArA[3],Z) // H4(A,ArA[3],Z),
where H3(A,Z) is torsion free and H4(A,ArA[3],Z) ≃ Z81 by Thom’s isomorphism.
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